We investigate the cosmological applications of Myrzakulov F (R, T ) gravity. In this theory ones uses a specific but non-special connection, and thus both curvature and torsion are dynamical fields related to gravity. We introduce a parametrization that quantifies the deviation of curvature and torsion scalars form their corresponding values obtained using the special Levi-Civita and Weitzenböck connections, and we extract the cosmological field equations following the mini-super-space procedure. Even for the simple case where the action of the theory is linear in R and T , we find that the Friedmann equations contain new terms of geometrical origin, reflecting the non-special connection. Applying the theory at late times we find that we can acquire the thermal history of the universe, where dark energy can be quintessence-like or phantom-like, or behave exactly as a cosmological constant and thus reproducing ΛCDM cosmology. Furthermore, we show that these features are obtained for other Lagrangian choices, too. Finally, early-time application leads to the de Sitter solution, as well as to an inflationary realization with the desired scale-factor evolution. 95.36.+x, 04.50.Kd 
start from the equivalent, teleparallel formulation of gravity in terms of torsion [13, 14] and consider torsional modified gravities, such as F (T ) gravity [15] [16] [17] , F (T, T G ) gravity [18] , etc. Moreover, one could use nonmetricity as a way to construct gravitational modifications [19] . Additionally, an interesting class of modified gravity may arise by modifying the underlying geometry itself, considering for instance Finsler or Finsler-like geometries [20] [21] [22] [23] . One of the interesting features of Finsler framework is that the role of the non-linear connection may bring the extra degrees of freedom that then make this gravitational modification phenomenologically interesting [24, 25] , and this feature was also obtained through the different theoretical framework of metricaffine theories [27] [28] [29] .
One interesting gravitational modification was obtained by R. Myrzakulov in [30] , namely the F (R, T ) gravity. In this theory ones uses a specific but non-special connection, and thus both curvature and torsion are dynamical fields related to gravity. 1 Hence, the theory has extra degrees of freedom coming from the non-special connection, as well as extra degrees of freedom arising from the arbitrary function in the Lagrangian.
The investigation of some cosmological applications of the theory was performed in [30, [32] [33] [34] [35] . In the present work we are interesting in studying the resulting cosmol-ogy of such a framework, by expressing the theory as a deformation from both general relativity and its teleparallel equivalent. Thus, by applying the mini-super-space approach we can investigate the cosmological behavior focusing on the effect of the connection.
The plan of the work in the following. In Section II we review Myrzakulov gravity and we extract the cosmological equations. In Section III we study the cosmological applications of various particular sub-cases, at late and early times. Finally, in Section IV we summarize our results.
II. MYRZAKULOV GRAVITY
In this section we briefly review Myrzakulov gravity based on [30] . As dynamical variables we use the tetrad field e a (x µ ), as well as the connection 1-forms ω a b (x µ ) which is used to define the parallel transportation. These fields can be expressed in components in terms of coordinates as e a = e µ a ∂ µ and ω a b = ω a bµ dx µ = ω a bc e c , while the dual tetrad is defined as e a = e a µ dx µ [18] . Moreover, using the metric tensor allows us to make the vielbein orthonormal and extract the relation
where η ab = diag(−1, 1, ...1) is the Minkowski metric which is also used for raising/lowering the indices a, b, ... . In the following we impose zero non-metricity, namely η ab|c = 0 (| denotes the covariant differentiation with respect to ω a bc ), which implies that ω abc = −ω bac . Using the general connection ω a bc we can define the curvature tensor, expressed in mixed (i.e. coordinate and tangent) components as [18] R a bµν = ω a bν,µ − ω a bµ,ν + ω a cµ ω c bν − ω a cν ω c bµ , (2) and the torsion tensor as
where comma denotes differentiation. As one can observe, the torsion tensor depends on both the tetrad and the connection, however the curvature tensor depends only on the connection. Amongst the infinite choices of connections, the Levi-Civita Γ abc is the only one that leads to vanishing torsion, while for clarity we denote its curvature (Riemann) tensor with the index "LC", namely R
Hence, a general connection is related to the Levi-Civita one through
where K abc = 1 2 (T cab − T bca − T abc ) = −K bac is the contorsion tensor. On the other hand the Weitzenböck connection W λ µν leads to vanishing curvature, and in all coordinate frames is defined in terms of the tetrad as W λ µν = e λ a e a µ,ν .
Note that due to its inhomogeneous transformation law the Weitzenböck connection expressed in tangent-space components is simply W a bc = 0, while it leads to e µ a |ν = 0, i.e. the tetrad is autoparallel with respect to the Weitzenböck connection [18] . Hence, the corresponding torsion tensor (denoting by the index "W") is T
In general relativity (GR) ones imposes the Levi-Civita connection, and thus all information of the gravitational field is embedded in the corresponding curvature (Riemann) tensor, whose contractions leads to the Lagrangian of the theory, namely the Ricci scalar R (LC) given by
Moreover, in curvature modified gravity one uses R (LC) in order to construct various extensions, such as in F (R) gravity [8] . On the other hand, in teleparallel equivalent of general relativity (TEGR) one imposes the Weitzenböck connection, and therefore the gravitational field is described by the corresponding torsion tensor, whose contractions leads to the Lagrangian of the theory, namely the torsion scalar T (W ) given as [18] 
Furthermore, in torsional modified gravity one uses T (W ) in order to construct modifications, such as in F (T ) gravity [15] . As it is well known, both GR and TEGR possess two dynamical degrees of freedom, and thus describing a massless spin-two field, which lies in the core of standard gravitational description. On the other hand, in general a modified gravity possesses more degrees of freedom, whose effects on cosmological evolution, as well as on the theoretical properties of the theory, are exactly the motivation of constructing such modifications. As we mentioned in the introduction, one way that is known to introduce extra degrees of freedom is the consideration of non-special connections, namely going beyond the Levi-Civita and Weitzenböck ones. Thus, if ones uses a connection that has both non-zero curvature and torsion, the resulting theory will in general possess extra degrees of freedom, even if the imposed Lagrangian is simple, while if the imposed Lagrangian is complicated this will introduce even more degrees of freedom. In [30] Myrzakulov constructed F (R, T ) modified gravity, namely he let the connection to be non-special and thus having both non-zero curvature and non-zero torsion, while in the Lagrangian a general function of the curvature and torsion scalars was also allowed. Thus, the action of such a the-ory is
with e = det(e a µ ) = √ −g, κ 2 = 8πG the gravitational constant, and where for completeness we have also introduced the matter Lagrangian L m . We mention that in the above arbitrary function F (R, T ), the R and T are the curvature and torsion scalars corresponding to the imposed non-special connection, which are easily calculated as [18] 
with ; denoting covariant differentiation with respect to the Levi-Civita connection. As one can see, T depends on the tetrad, its first derivative and the connection, while R depends on the tetrad, its first derivative, the connection and its first derivative, however its acquires a dependence on the second derivative of the tetrad due to the last term of (10). Hence, as it has been extensively discussed in the torsional literature [15] , if R is used linearly in the Lagrangian the last term of (10) will be a total derivative and therefore the resulting field equations will not contain higher derivatives, however in the general case they will do. Finally, observing the forms of (7),(9),(10) we deduce that we can write
where v is a scalar quantity depending on the tetrad, its first derivative and the connection, and u is a scalar quantity depending on the tetrad, its first and second derivatives, and the connection and its first derivative. Hence, u and v quantify the information on the specific imposed connection.
In the case where the imposed connection is the Levi-Civita one, then u = 0 and v = −T (W ) , and thus the above theory coincides with the usual F (R) gravity, which then coincides with GR by choosing F (R) = R. Additionally, in the case where the imposed connection is the Weitzenböck one, then v = 0 and u = −R (LC) and therefore it coincides with F (T ) gravity, and it then coincides with TEGR by choosing F (T ) = T .
In order to extract the field equations we have to choose a specific connection and then perform variation of the action (8) in terms of the tetrad field. We stress here that the underlying connection is a non-special one, however still it is a specific one in a given application of the theory, and thus one does not need to consider a variation in terms of the connection. Nevertheless, in order to avoid complications, and moreover to exploit in the most efficient way the parametrization through the deformation functions u and v, we will apply a mini-super-space variation.
We consider explicitly the homogeneous and isotropic flat Friedmann-Robertson-Walker (FRW) geometry ds 2 = dt 2 − a 2 (t) δ ij dx i dx j , which corresponds to the tetrad choice e a µ = diag[1, a(t), a(t), a(t)], with a(t) the scale factor. In this case it is known that
Additionally, as usual in mini-super-space approach, we need to replace L m by the specific function of the matter energy density [36] [37] [38] , and since we are focusing on the FRW geometry we have L m = −ρ m (a). Finally, as we mentioned after (11), (12) , v is a function of the tetrad, its first derivative and the connection, while u is a function of the tetrad, its first and second derivatives, and the connection and its first derivative. Hence, in the FRW geometry we can consider the general case that u = u(a,ȧ,ä) and v = v(a,ȧ).
In order to proceed we have to examine the linear F (R, T ) case separately from the general one, since in the later an additional step of conformal transformation is needed.
As a first sub-case we consider the simple case where the action is linear in both R and T , namely F (R, T ) = R+λT (the coupling coefficient of R can be absorbed into κ 2 and thus we omit it). Inserting the above mini-superspace expressions, as well as (11), (12) , into the action (8), we obtain S = Ldt, with
Extracting the equations of motion for a, alongside the Hamiltonian constraint H =ȧ ∂L ∂ȧ − L = 0, we finally acquire:
with H =ȧ a is the Hubble parameter and where the subscripts a,ȧ, denote partial derivatives with respect to this argument. Additionally, p m denotes the matter pressure whose conservation equation iṡ
As we observe, in the Friedmann equations we obtain new terms of geometrical origin, namely terms that reflect the new degrees of freedom brought by the non-special connection through the parametrization in terms of u and v. Hence, due to the non-special connection, the theory is not trivial even if the Lagrangian has a simple form. These terms will have interesting cosmological implications as we will see later on.
In the case where F (R, T ) is non-linear in R and T we need to perform an additional step of conformal transformations in order to be able to apply the mini-superspace procedure. Extending the analysis of [39] [40] [41] (see also [42] ) we start by introducing two scalar fields φ 1 and φ 2 and re-writing the action (8) as
has the same functional form with F (R, T ). We mention that in order for the above re-writing to be meaningful, F (R, T ) must be non-linear in R and T . If it is linear in one of R or T then the corresponding scalar field disappears, and we transit to the case of the previous subsection. Introducing now the conformal transformation in terms of the tetrad field through [40, 41] 
where Ω(x) is continuous, non-vanishing, finite real function, and choosing Ω 2 = F φ1 , we can re-write action (18) as
omitting the hats for simplicity, and where we have defined
and
As in the previous subsection, we proceed by considering explicitly the homogeneous and isotropic flat FRW geometry. Inserting the mini-super-space expressions described in the previous subsection into action (20) , we obtain S = Ldt, with
Performing variation in terms of a,φ 1 ,φ 2 , alongside the the Hamiltonian constraint H =ȧ ∂L ∂ȧ +φ 1 ∂L ∂φ1 +φ 2 ∂L ∂φ2 − L = 0, we finally acquire:
where the subscripts φ 1 ,φ 2 denote partial derivatives with respect to this argument, and where we have used that a(ρ m ) a =ρ m /H. As one can straightforwardly check by differentiating (24) and inserting into (25), eliminating the second time-derivatives of the scalar fields using (26) , (27) , the matter energy density is conserved, namely (17) holds. As we observe in the above equations we have two extra degrees of freedom, namely the two scalar fields, that arise from the conformal transformation of the F (R, T ) function considered in the action, as well as additional extra degrees of freedom arising form the non-special connection, and which have been quantified through u and v. Hence, we deduce that Myrzakulov gravity is a very rich theory which may lead to big class of cosmological behaviors. In the following section we will investigate particular sub-cases.
III. COSMOLOGICAL APPLICATIONS
In this section we will study the cosmological applications of Myrzakulov gravity. As we mentioned above, in general the theory at hand possesses extra degrees of freedom arising from the arbitrary function f (R, T ) as well as from the non-special connection. Thus, in order to examine more economical scenarios, in the following we will examine some subcases separately.
As a first sub-case we consider the simple model where the action is linear in both R and T , namely F (R, T ) = R + λT . In this case the Friedmann equations are (15) , (16) . These equations can be re-written in the standard form
where
As we observe, we obtain an effective sector arising from the non-special connection. As one can check, given the matter conservation equation (17) we can obtaiṅ
and thus the effective sector is conserved. In summary, one can use this geometrical effective sector in order to study the late-time universe, or to study inflation.
Late-time acceleration
Let us try to use the Friedmann equations (28), (29) in order to describe the late-time acceleration. First of all, as one can see, in the case where λ = 0, i.e. where we consider a Lagrangian which is just the curvature R corresponding to the non-special connection, and choosing a connection with u = c 1ȧ − c 2 , with c 1 ,c 2 constants, then we obtain
Interestingly enough, we are able to re-obtain ΛCDM cosmology although we have not considered an explicit cosmological constant, namely the cosmological constant appears are a result of the structure of the underlying geometry. We mention that although for λ = 0 we remove T from the action, the geometry still has a non-special connection and thus a non-zero torsion. Such an effective appearance of the cosmological constant from the richer geometry is something that has been discussed in the literature for other geometrical modified gravities [25, 26] , and reveals the capabilities of the theory. We proceed by considering the λ = 0 case. Choosing u = c 1ȧ − c 2 and v = c3ȧ − c 4 , with c 3 ,c 4 constants, we obtain
with c ≡ c 2 + c 4 . Hence, in this scenario the geometrical sector constitutes an effective dark energy sector with the above energy density and pressure, and an equation-ofstate parameter of the form
Interestingly enough, we can see that w DE can be both larger or smaller than -1, and thus the effective dark energy can be quintessence or phantom like. In order to be more transparent we solve the Friedmann equations numerically for various values of the model parameters, using as independent variable the redshift z = a 0 /a − 1, with the present scale factor set to a 0 = 1. For initial conditions we impose Ω DE (z = 0) ≡ Ω DE0 ≈ 0.69 and thus Ω m (z = 0) ≡ Ω m0 ≈ 0.31 as required by observations [43] , where Ω i ≡ κρ i /(3H 2 ) are the density parameters of the corresponding fluid. In the upper graph of Fig. 1 we depict Ω DE (z) and Ω m (z), while in the lower graph we present w DE (z). As we can see from the upper graph, the scenario at hand can describe the standard thermal history, namely the sequence of matter and dark energy eras, while in the future (z → −1) the universe results asymptotically in a completely dark-energy dominated, de Sitter phase. Moreover, from the lower graph of Fig. 1 we observe that the effective dark energy equation-of-state parameter w DE lies in the quintessence regime and it quickly acquires the value −1.
In order to study the effect of the model parameters on w DE , in Fig. 2 we depict the evolution of w DE (z) for various parameter choices. As we can see, the important parameter is λ, and in particular for λ < 0 the effective dark energy is quintessence-like, while for λ > 0 it is phantom-like. Finally, as we mentioned above, in the special case where λ = 0 the effective dark energy behaves as a comsological constant, namely our scenario becomes exactly ΛCDM despite the fact that the underlying geometry and connection are not trivial.
As a second example in this sub-case let us consider u = c 1ȧ a lnȧ and v = s(a)ȧ, with s(a) an arbitrary func- tion. In this case (30) , (31) give
Similarly to the previous example, for this case too w DE can be quintessence-like or phantom-like.
We elaborate the cosmological equations numerically and in Fig. 3 we present the matter and dark energy density parameters, as well as the dark energy equationof-state parameter. As we can see from the upper graph, the scenario can describe the sequence of matter and dark energy epochs, while in the future the universe results asymptotically in a completely dark-energy dominated, de Sitter phase. Additionally, from the lower graph of Fig. 1 we observe that the effective dark energy equationof-state parameter w DE lies in the quintessence regime and it quickly acquires the value −1. However, the important feature of this scenario is that the above behavior is obtained although we have not considered neither an explicit cosmological constant, nor a constant term in the u and v, namely it arises solely from the dynamical features of the non-special connection. This is an additional advantage of the scenario at hand. 
Inflation
Let us try to use the Friedmann equations (28), (29) in order to obtain the realization of inflation. As usual, in the early universe we may neglect the matter sector. In this case, by choosing u = c 1ȧ − c 2 and v = c3ȧ − c 4 we obtain 3H 2 = c − 3λH 2 (40)
with c ≡ c 2 +c 4 . One can immediately see that the above equations accept the de Sitter solution a(t) = e H dS t , with H dS = c 3(λ+1) , which is the basis of any inflationary scenario. Once again we mention that the above de Sitter solution is extracted without considering an explicit cosmological constant, namely it is of purely geometrical origin.
In order to acquire a more realistic inflationary realization, with a successful exit after a desired e-folding, and particular desired values for the inflationary observables such as the scalar spectral index and the tensor-to-scalar ratio, we can follow the reconstruction method, which is a well-applied method in standard potential-driven inflation. In particular, let us impose a specific H(t), namely a specific scale factor a(t), that provides the Hubble slowroll parameters [44] and thus the inflationary observables we want. Inserting this a(t) into the general Friedmann equations (28) , (29) in the absence of matter, and replacing the derivatives through chain rules such as u a =u a uȧ =ü a , and similarly for v, we obtain a system of simple differential equations for u(t) and v(t), namely:
This system can be easily solved to find u(t) and v(t), and knowing also the imposed a(t) we can eliminate time and reconstruct the pairs of u(a),v(a) or u(a,ȧ),v(a,ȧ) (there is not a unique reconstructed solution) that are the ones that generate the imposed H(t), which has the desired inflation phenomenology. We mention that the reconstruction of suitable u and v, namely of a suitable connection, has equal right with the standard procedures of reconstructing the inflaton potential according to the desired inflationary observables. In the latter case one attributes the specific inflationary features to the unknown physics (i.e. potential) of the inflaton field, while in the theory at hand the inflationary features are attributed to a new, non-special, connection that determines the underlying geometry. The capability of describing inflation solutions is an additional advantage of the theory at hand.
In this subsection we are interested in examining a nonlinear F (R, T ) case, in order for the scalar degrees of freedom φ 1 ,φ 2 to be dynamical. We consider the simple case F (R, T ) = R + αR 2 and thus only φ 1 switches on, while φ 2 does not exist (the conformal transformation for T is absent from first place). In this case we have that F φ1 = 1 + 2αφ 1 , V (φ 1 , φ 2 ) = αφ 2 1 and f (φ 1 , φ 2 ) = 0. Hence, equations (24)- (27) reduce to
We can re-write the two Friedmann equations in the standard form (28) , (29) defining
Let us now apply the above scenario at late times. In this case, the extra terms arising form the non-special connection will constitute an effective dark-energy sector with energy density and pressure given by (46),(47), and an equation-of-state parameter of the form
Choosing u = c 1ȧ − c 2 with c 1 ,c 2 constants, we obtain ρ MG = (1 + 2αφ 1 ) 2 1 2φ
The above scenario can describe the sequence of epochs and one can obtain a cosmological evolution similar to the upper graph of Fig. 1 . Additionally, in Fig. 4 we present the evolution of w DE (z) for various parameter choices.
As we observe w DE may be quintessence-like or phantomlike according to the parameter α, and asymptotically it tends towards the cosmological constant value. We mention that w DE can lie in the phantom regime, despite the fact that the involved scalar field is canonical, namely the phantom behavior is induced due to the effect of the nonspecial connection. This feature shows the capabilities of the theory.
IV. CONCLUSIONS
In the present work we investigated the cosmological applications of Myrzakulov F (R, T ) gravity. In this theory ones uses a specific but non-special connection, and thus both curvature and torsion are dynamical fields related to gravity. Thus, the theory has extra degrees of freedom arising from the non-special connection, as well as extra degrees of freedom coming from the arbitrary function in the Lagrangian.
In order to handle the non-special connection more efficiently, we introduced a parametrization that quantifies the deviation of curvature and torsion scalars form their corresponding values obtained using the special Levi-Civita and Weitzenböck connections. Note that the connection is non-special but still it is a specific one, and thus only tetrad variation is needed. Finally, in order to bypass the complications of a general variation, we extracted the field equations following the mini-super-space procedure focusing on FRW geometry.
Considering the simple case where the action of the theory is linear in R and T , namely F (R, T ) = R + λT , we found that, despite the fact that the action is simple, the Friedmann equations do contain new terms of geometrical origin, reflecting the non-special connection. Application in late-time universe gives rise to an effective dark-energy sector of geometrical origin. As we saw, we can obtain the thermal history of the universe, namely the sequence of matter and dark energy epochs, as required by observations. Moreover, we showed that the effective dark-energy equation-of-state parameter can be quintessence-like or phantom-like, or behave exactly as a cosmological constant and thus reproducing exactly ΛCDM cosmology. We mention that these features were obtained without the consideration of an explicit cosmo-logical constant, namely they arise purely from the nonspecial connection and the intrinsic geometrical structure of the theory. These properties may be significant in the modified gravity model building. Finally, early-time application showed that we are able to extract a de Sitter solution, as well as to acquire more realistic inflation realizations with the desired scale-factor evolution and thus with the desired values of the spectral-index and the tensor-to-scalar ratio, if we use the suitably reconstructed non-special connection.
Similarly, considering the case F (R, T ) = R + αR 2 , in which one extra scalar degree of freedom appears on top of the effects of the non-special connection, we showed that we can also obtain the epoch sequence, and that the dark-energy equation-of-state parameter can be quintessence-like or phantom like, before tend asymptotically to the cosmological constant value. The interesting feature is that the phantom regime is obtained although the involved scalar field is canonical, which is an advantage, revealing the capabilities of the theory.
In summary, the rich structure of the underlying nonspecial connection leads the theory to have interesting cosmological phenomenology, both at early and late times. There are many additional studies that one should perform. One such interesting and necessary investigation is to use data from Type Ia Supernovae (SNIa), Cosmic Microwave Background (CMB) shift parameter, Baryon Acoustic Oscillations (BAO), and direct Hubble constant observations, in order to impose constraints on the model parameters and the involved non-special connection. An additional related study would be to examine the perturbations of the theory since this could both give information on the conditions for the absence of instabilities at the perturbative level, as well as to allow for a confrontation of the theory with perturbation related data such as f σ 8 ones. The parametrization of the non-special connection through u and v, that eventually depend on the tetrad and its derivatives, is a convenient framework for such an analysis since it bypasses complications. Furthermore, one can perform a detailed phasespace analysis in order to examine the global behavior of the theory independently from the initial conditions. Nevertheless, such investigations, although both interesting and necessary, lie beyond the scope of this work and are left for future projects.
